Integrating the modules of the controlled phase-flip gate, the distributed entanglement gate, and the simplified entanglement gate, we propose schemes for preparing, linking, and unlinking standard cluster-type polarization-entangled states, which are achieved by performing different operations for cluster-type states consisting of even and odd photons, in company with Hadamard gate operations and other single-photon operations. Mediated by weak cross-Kerr nonlinear interactions, two individual photons interact with each other depending on the assistance of the coherent state in Kerr media. Exploiting homodyne measurement and polarization beam splitters, the photon paths take on a certain ambiguity and photons entangle together in the polarization mode. Assisted by a classical feed-forward, these aforementioned modules can be realized with an efficiency approaching unity. Employing the module of the controlled phase-flip gate, standard even-and odd-photon cluster-type states can be prepared, which are distinguished by the different photons performed by Hadamard gate operations. Linking two or more standard cluster-type states, a new standard cluster-type state can be produced after combination of the module of the controlled phase-flip gate and Hadamard gate operations. Dividing, truncating, or pinching a multi-photon cluster-type state can be accomplished by applying the module of the controlled phase-flip gate and single-photon operations including Hadamard gate operations.
PTEP 2013, 093A01 X.-M. Xiu et al. The interaction strength between photons and the environment is weak enough to guarantee a good coherence time. Moreover, good progress has been made in the relevant optical technique, which is maturing as a result of the outstanding work done by many researchers. By including the feature of maximal transmission velocity, photonic cluster-type states and quantum computing have become a promising candidate for quantum information processing, attracting considerable interest. However, due to its natural properties, the success probability of linear-optics-based cluster-type states is much less than unity; it therefore needs quantum memory to assist it, which is not easy to realize using current technologies.
In this context, an optical hybrid system consisting of photons and coherent states provides an opportunity for generating cluster-type states and fulfilling other tasks of quantum information processing. Depending on homodyne measurements, discrete photons are considered to generate cluster-type states with the help of continuous variable coherent states in Kerr media [12, 13] .
Employing entanglement gates, Lin and He [29] conceived the production scheme of multi-photon cluster-type states. Combining interlocking bricks constructed with a single and reused auxiliary coherent state, Horsman et al. [30] proposed an optimally efficient method for generating clustertype states. For saving operations, Brown et al. [31] considered three cases to generate cluster-type states depending on the ability of manipulators to destroy previously created controlled-phase links between qubits, i.e., without the destroying ability and optimal savings, having it but being more complicated, and a halfway scheme.
In this paper, we consider how to prepare a multi-photon standard cluster-type state from singlephoton polarization superposition states, link EPR (Einstein-Podolsky-Rosen) photon pairs or other standard cluster-type states, and unlink a standard cluster-type state, by adopting a series of modules of a controlled phase-flip gate and entanglement gates, and performing single-photon operations such as Hadamard gate operations. In Sect. 2, by letting the photons pass through the successive modules of the controlled phase-flip gate and Hadamard gate, the standard multi-photon clustertype state is prepared. Applying the EPR pairs previously generated from the single-photon states depending on the entanglement gates or by other methods, the standard even-or odd-photon clustertype states are linked with the controlled phase-flip gate modules in Sect. 3. In Sect. 4, on the basis of the combination of single-photon operations such as Hadamard gate operations and the modules of controlled phase-flip gates, we propose a scheme for unlinking a standard even-or odd-photon cluster-type state to several standard cluster-type states. Finally, some discussions about the practical implementations and a summary are presented in Sect. 5.
Preparation of a standard N-photon cluster-type polarization-entangled state with controlled phase-flip gate and Hadamard gate modules
To begin with, we introduce the formula of an N -photon cluster-type polarization-entangled state, which can be denoted as [2] |Cluster
where the subscript 'i' labels the position of the photons, σ z = |H H | − |V V |, and by convention σ (N +1) z ≡ I. According to the definition of cluster-type states, a module functioning as a controlled phase-flip gate [32] is necessary. Depending on weak cross-Kerr nonlinear interaction rather than only linear optics, two-photon logical quantum gates such as a controlled-NOT gate or controlled arbitrary phase gate [33] [34] [35] can be constructed. Between the interaction of the individual photons, the Kerr media play an important bridge role. Let a signal state denoted as
where |0 s and |1 s denote the vacuum state and the single-photon state, and a probe coherent state denoted as
where |n represents the state consisting of n photons, pass through Kerr media, and the hybrid system state is evolved as
Based on the feature of the phase shift on the coherent state, the presence and absence of signal photons can be confirmed. The homodyne measurement (e.g.X quadrature measurement) [33, 34, 36] disentangles the entanglement between the probe coherent state and the signal photons, and generates entanglement of the signal photons. By performing theX measurement, photon paths are partially confirmed, and photons are entangled together due to the property of ambiguity. To decrease the error probability and facilitate scalable applications, the displacement measurement [37] [38] [39] [40] may be adopted, which can displace the phase shift on the coherent state to its amplitude, by which the error probability can be reduced from
The displacement operation can be achieved by inputting the probe coherent state into a beam splitter with higher reflectivity [37] or higher transmissivity [41] than 50 : 50, in company with a high-intensity coherent state. After that, number-resolving detectors are applied to obtain the photon number of the probe coherent state. Here we use the displacement measurement in our schemes. As Fig. 1 illustrates, the photon paths (a, e) and (b, f ) cannot be confirmed because the displacement measurement has no way to detect the difference between the phase shift θ and −θ of the probe coherent state. Moreover, the experimenter is ignorant of the discrimination of the photon paths (a, f ) and (b, e), in that their overall phase shifts equal zero (−θ + θ = 0). Referring to the measurement outcomes, the classical feed-forward is exploited to modulate the relative phase difference and flip the unwanted qubit to the correct one, and fulfill the task entangling two photons into an EPR pair on demand.
Therefore, the tasks of two-qubit entanglement gates [33, 36, [42] [43] [44] and quantum logical gates [33] [34] [35] 45] or other quantum information processing can be accomplished. Many properties and applications of the cross-Kerr nonlinear interaction have been discussed and analyzed by many researchers [8, [33] [34] [35] [36] 38, [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] .
After revising the controlled arbitrary phase gate [45] , we can obtain the module of the controlled phase-flip gate, also called a CZ gate, which can realize the evolution from the initial state
to the final state
where the former and latter photons function as the control and target qubits respectively, and e iξ denotes the overall phase shift on two photons, which can be neglected. In Fig. 1 , dotted red lines and red symbols (phase shifter (PS) π and PS 2φ) denote the feed-forward based on the displacement measurement outcome, and the dashed green line and green element (PS π ) denotes the feed-forward according to theŶ measurement outcome. Moreover, exploiting additional phase-locking lasers, the method actively stabilizing the interferometers [59] is adopted to guarantee long-term stability. They propagate along the reverse direction of photons 1 and 2 (polarization beam splitter, PBS 2 → PBS 1 , PBS 4 → PBS 3 , PBS 6 → PBS 5 , beam splitter, BS 2 → BS 1 ). At the output ports, feedback signals are sent to modulate the difference based on the measurement results, which are not plotted in Fig. 1 .
Exploiting the modules of the controlled phase-flip gate, we consider the generation of a standard N -photon cluster-type polarization-entangled state.
As preliminary resources, all the single photons are prepared in the superposition of the polarization state,
(|H + |V ). In order to prepare the N -photon cluster-type polarization-entangled state denoted as Eq. (1), the module of the controlled phase-flip gate can be utilized as the fundamental assembly, which is operated N − 1 times.
Coming out from the output ports, N /2 (N is even) photons or (N + 1)/2 (N is odd) photons should undergo Hadamard gate operations to obtain a standard even-or odd-photon cluster-type state, which is a simpler presentation compared with Eq. (1). As shown in Fig. 2 , the half wave plate (HWP) 22.5 • outside of the shadow rectangle box are put into lines before the output ports. That is to say, Hadamard gate operations should be done on the photons after they depart from the modules of the controlled phase-flip gate.
Moreover, there exists a difference between the generation processes of the standard even-and oddphoton cluster-type polarization-entangled states. Explicitly, for generating a standard odd-photon cluster-type state N (≥ 3), the HWP 22.5 • (H gate operations) need to be performed on the photons labeled N , . . . , N − 2i, . . . , 1 (i = 0, 1, 2, . . . , (N − 1)/2), i.e., only the odd-number photons need to undergo H gate operations to achieve cluster-type states in a standard presentation. Therefore, there exists only one type for a standard odd-photon cluster-type state. As an example, a standard five-photon cluster-type state (5-S) can be denoted as
With regard to the other scenarios, for preparing a standard even-photon cluster-type state with simple presentation on the basis of {|H , |V }, H gate operations need to be performed on the photons 4/15 PTEP 2013, 093A01 X.-M. Xiu et al.
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A plot to illustrate a generation scheme for even-photon I(II)-type and standard odd-photon cluster-type polarization-entangled states. There exist two types of standard even-photon cluster-type polarization-entangled states distinguished by the different photons undergoing Hadamard gate operations. Explicitly, the yellow symbols (HWP 22.5
• ) with black dotted border and the grey symbols with black solid border are used to generate I-type states; the red symbols (HWP 22.5
• ) with black dotted border and the grey symbols with black solid border are used to obtain II-type states. As for odd-photon cluster-type polarization-entangled states, there is only one type, i.e., the yellow symbols (HWP 22.5
• ) with black dotted border and the grey symbols with black solid border are used to produce the states. Here, a standard four-photon cluster-type state is adopted to illustrate these two types of states. Explicitly, the difference between two types of standard four-photon cluster-type states is that photons 1 and 4 undergo Hadamard gate operations to generate the 4-I state denoted as Eq. (8), and photons 2 and 4 undergo Hadamard gate operations to generate the 4-II state denoted as Eq. (9):
To facilitate later description, we label single-photon polarization states and EPR states with the following symbols: When the displacement measurement outcome indicates that the phase shift of the probe coherent state is not equal to zero, a 2-I state (| + ) can be obtained with the feed-forward (phase shifter π and 2φ) denoted by blue dotted lines. In the other case, a 2-II state (| − ) can be generated. Besides the aforementioned method with the single-photon polarization-entangled state and the modules of the controlled phase-flip gate, the manipulator may employ the controlled phase-flip gate modules to link several EPR pairs and a superposition of a single-photon polarization state to generate standard even-or odd-photon cluster-type states, |Cluster N , which will be considered in the next section.
Linking standard multi-photon cluster-type polarization-entangled states
Employing the modules of the controlled phase-flip gate and Hadamard gate operations, we consider how to obtain standard N -photon polarization-entangled cluster-type states by linking cluster-type states. At first, we consider how to link several EPR pairs and a single-photon polarization state to prepare a standard polarization-entangled cluster-type state. We assume that a good number of 1-I states ( entanglement gate increases the success probability of the entanglement gate by the appropriate circuit doubling the phase shift of the affected probe coherent state, which can be seen in Fig. 4 .
Exploiting the distributed entanglement gate, a 2-I state or a 2-II state can be obtained at random, illustrated by Fig. 3 . When the displacement measurement outcome indicates a nonzero phase shift (PS = 0) on the affected probe coherent state |α , the classical feed-forward (phase shifter 2φ, π ), denoted by the blue dotted lines, is in operation. As a consequence, a 2-I state emerges on the output ports. If a displacement measurement outcome of zero phase shift (PS = 0) is presented, a 2-II state will be generated on the terminals
Moreover, the aforementioned states can be prepared by exploiting the simplified entanglement gate, shown in Fig. 4 . The two different displacement measurement outcomes reflect the generation of a 2-I state and a 2-II state. That is, the zero phase shift of the affected probe coherent state (PS = 0) corresponds to the preparation of a 2-II state, and the nonzero phase shift of the affected probe coherent state (PS = 0) corresponds to a 2-I state in the output ports. To obtain the 2-I state, the feed-forward (2φ and the optical element module of σ Z ) denoted by blue dotted lines should be in operation on the photons passing through path b.
There are different methods for preparing the standard N -photon cluster-type states consisting of even and odd photons. In the following, we present preparation schemes for even-photon I-type cluster-type states (representing standard even-photon cluster-type states) and standard odd-photon cluster-type states.
(1) The preparation of even-photon I-type cluster-type states Here we present a scheme for preparing an even-photon I-type cluster-type state with the combination of EPR pairs (2-I states, 2-II states) and the modules of the controlled phase-flip gate and Hadamard gate operations. For preparing an even-photon (2N -photon) I-type cluster-type state, the manipulator needs to do the following work beforehand. In general, he selects the left end of the multiphoton cluster-type state to be prepared as its head and the right end as its tail, and labels the photons in the state to be generated 1-N from its head to its tail. In our construction scheme, one 2-I state is utilized as the tail of the state (the extreme right end), and one 2-II state is selected as the head of the state (the extreme left end). The body of the state can be composed of two kinds of EPR states. If a 2-I state is exploited to compose one part of the body of the state to be produced, the right photon in the 2-I state needs to undergo a Hadamard gate operation before entering into the module of the controlled phase-flip gate. For another selection, if a 2-II state is applied to form one part of the body of the state to be prepared, the photon on the left end needs to undergo a Hadamard gate operation.
After the above preparatory work on 2-I(II) states, N − 1 modules of the controlled phase-flip gate are adopted to link these EPR states, where the photon on the right end of each EPR state is the Control qubit and the photon on the left end of the right adjacent EPR state is the Target qubit, i.e., the tail photon (C) of an EPR state at the left side controls the head photon (T ) of the EPR state at its right side to flip the phase of the state |HV CT .
Passing through the modules of the controlled phase-flip gate, the even-numbered photons should undergo Hadamard gate operations to obtain the standard presentation, except for the second head photon (No. 2) and the tail photon (No. N ). As a consequence, no Hadamard gate operation is necessary in the generation of a four-photon I-type cluster-type polarization-entangled state (4-I) from the composition of the left 2-II state and the right 2-I state.
As an example, we present a scheme for generating an eight-photon I-type cluster-type entangled state (8-I) with a composition of 2-I states and 2-II states. We numbered the photons 1-8 from head 7 
The preparation of standard odd-photon cluster-type states If the aforementioned even-photon I-type cluster-type state has been prepared, a standard oddphoton cluster-type state can be generated by attaching one single photon in the 1-I state before the head of the prepared even-photon cluster-type state. After performing a Hadamard gate operation on the head photon of the prepared even-photon I-type cluster-type state, the single-photon (the Control qubit) and the head photon of the prepared state (the Target qubit) are sent into the module of the controlled phase-flip gate. After that, two Hadamard gate operations should be performed on the attached single photon and the second head photon (No. 2) of the original even-photon I-type cluster-type state to obtain the standard presentation of the newly prepared odd-photon cluster-type state on the basis of {|H , |V }.
For the other case, an even-photon II-type cluster-type state is assumed to have been generated. as the Control qubit, and the head photon (No. 1) of the prepared state as the Target qubit, a new oddphoton cluster-type state will be prepared. Finally, one Hadamard gate operation should be performed on the attached single photon to obtain the standard odd-photon cluster-type state.
Next, we consider the generation of a multi-photon cluster-type state by combining several clustertype states. Exploiting m groups of n i (≥ 2)-photon standard cluster-type states (even-photon I-type states and the standard odd-photon states) prepared beforehand, where the total number of photons is equal to N ( m i=1 n i = N ), and m − 1 modules of the controlled phase-flip gate and the appropriate Hadamard gate operations, the required N -photon cluster-type state can be prepared.
After Hadamard gate operations on the photons at both sides of the junction, they are sent into the modules of the controlled phase-flip gate, where the photon at the left side of the junction is utilized as the Control qubit, and the photon at the right side of the junction is utilized as the Target qubit. Finally, the appropriate Hadamard gate operations should be performed to generate the standard cluster-type state. For obtaining the new odd-photon cluster-type state with the standard presentation, Hadamard gate operations should be executed on the odd-numbered photons, except for the photons on the two endpoints (head and tail).
In the generation of standard even-photon cluster-type states, the photons undergoing Hadamard gate operations are different. If an even-photon I-type cluster-type state is required, the Hadamard gate operations should be operated on the even-numbered photons, excluding the second head (No. 2) photon and the tail (No. N ) photon in the last step. For generating the even-photon II-type clustertype state, the Hadamard gate operations should be performed on the head photon (No. 1) and the even-numbered photons, other than the tail photon (No. N ).
Excluding the photons at both sides of the junction, it is necessary to note that, in the generation of the new standard odd-photon cluster-type state, if the odd-numbered photons in the new cluster-type state have undergone Hadamard gate operations in the original standard cluster-type state, no Hadamard gate operation is required. Conversely, if the even-numbered photons in the new cluster-type state have undergone a Hadamard gate operations in the generation of the original state, Hadamard gate operations should be performed on these photons to restore them to the status without having undergone the Hadamard gate operations. After these operations, a new standard odd-photon cluster state has been constructed. For the generation of standard even-photon cluster-type states, the above rules of Hadamard gate operations on odd-and even-numbered photons should be reversed.
Unlinking standard multi-photon cluster-type polarization-entangled states
Suppose that a multi-photon standard cluster-type state is provided, and we can divide it into several cluster-type states on demand according to the following rules:
Dividing body: Here, we consider how to divide a standard cluster-type state into two new parts, the rules of which are also appropriate for a partition into many parts. If the photon sitting at either side of the unlinking point has undergone Hadamard gate operation in the generation process of the original standard cluster-type state, Hadamard gate operations should be performed on it at first. If any photon at the two sides of the unlinking point has not undergone a Hadamard gate operation, no Hadamard gate operation needs to be performed and the scheme skips to next step, which only happens on the photons (Nos. 2 and 3) of even-photon I-type cluster-type states.
Subsequently, two photons sitting at each side of the unlinking point enter into the module of the controlled phase-flip gate, where the photon at the left side of the unlinking point functions as the Control qubit and the photon at the right side is the Target qubit. In the last step, some photons need to undergo single-photon local transformation operations such as Hadamard gate operations to obtain two new standard cluster-type states.
For example, unlinking the entanglement between photon 4 and the adjacent photons (3 or 5) of a six-photon I-type state (6-I), i.e., entanglement between photons (3,4) or photons (4, 5) , Hadamard gate operations should be performed on photon 4 rather than photon 3 or photon 5 at first. Then photons (3, 4) or photons (4, 5) should be transmitted through the module of the controlled phase-flip gate, i.e., CPF 34 or CPF 45 . Finally, an H 4 ⊗ H 3 or H 4 operation should be performed to obtain two three-photon GHZ states (3-S) or one 4-I state and one 2-I state. The explicit steps can be also seen in Table 2 .
Truncating tail: Unlike the above method separating the original cluster-type state into two parts, if we disentangle the tail (No. N ) photon (the second tail (No. N − 1) photon) from the standard N -photon cluster-type state, the photon to be disentangled should undergo H gate operation first. After that, photon N − 1 and photon N are transmitted to the module of the controlled phase-flip gate; the former (latter) photon is the Control qubit and the latter (former) one is the Target qubit, respectively. As a consequence, In the following, we unlink two states, a 5-S state and a 6-I state, to illustrate the unlinking rules of the standard odd-photon and even-photon I-type cluster-type states.
Example: (1) Unlinking a 5-S state. First, we unlink a 5-S state, which represents the standard odd-photon cluster-type states. The explicit unlinking steps can be seen in Table 1 .
For a standard even-photon cluster-type state, the unlinking operations are a little more complicated than those of standard odd-photon cluster-type states. Without loss of generality, a 6-I state is utilized as an example to describe the unlinking rule of standard even-photon cluster-type states as follows.
Example: (2) Unlinking a 6-I state. A 6-I state can be denoted as
The detailed steps for unlinking a 6-I state can be seen in Table 2 . From the above tables (Tables 1 and 2) , it can be seen that a 5-I state and 6-I state can be unlinked by combining the modules of the controlled phase-flip gate and single-qubit operations. As a rational 
generalization, the other standard odd-photon and even-photon cluster-type states can be unlinked using similar methods.
Discussion and summary
Exploiting a combination of the presented modules of the controlled phase-flip gate, the distributed entanglement gate, and the simplified entanglement gate, the lengths of cluster-type polarization-entangled states can be extended. Moreover, the modules can be applied to disentangle the cluster-type state accompanying Hadamard gate operations and other single-photon operations.
In the practical implementation, the efficiencies of the practical detectors and the effect of the dissipated probe coherent states should be taken into account. They increase the difficulty of distinguishing the photon paths (a, f ; b, e) and (a, e; b, f ) illustrated in Fig. 1, (a, d; b, c) and (a, c; b, d ) illustrated in Fig. 3, and (a, b; b, a) and (a, a; b, b ) illustrated in Fig. 4 . Explicitly, in the propagation process, photons of the probe coherent states may be lost due to interaction with the environment, and this effect can be viewed as the amplitude attenuation of the probe coherent states [37] [38] [39] 60] . We utilize the parameter α √ η l ( √ η l < 1) to represent the influence on the probe coherent state |α .
For practical detectors, in the sense of error probability, their effect is equal to reducing the intensity of the probe coherent state owing to their imperfect detection efficiency, so this can be denoted as the amplitude α multiplied by the parameter √ η d (< 1). Based on the above analyses, the error probability of the controlled phase-flip gate and the entanglement gates can be denoted as
From Eq. (13), it can be seen that the dissipated coherent state and the imperfect detectors increase the error probability, from
. However, the effect of √ η d η l can be compensated by increasing the intensity (α) of the probe coherent state and/or the strength (θ ) of cross-Kerr nonlinearity, including the interaction time and length [37] [38] [39] [40] .
Turchette et al. [61] proposed the first pioneering experimental work on the conditional phase gate with cross-Kerr nonlinearity in cavity quantum electrodynamics, which indicates that natural Kerr nonlinearity is too weak to provide a sufficiently large phase shift. Furthermore, phase noise [41] hinders it from fulfilling the tasks of quantum information processing with cross-Kerr nonlinearity.
To obtain a large phase shift, there exist two methods that can be adopted. One is to generate an effective nonlinear interaction strength by coupling light to a physics system possessing certain energy levels, such as a Rydberg electromagnetically induced transparencies (EIT) system [47, [62] [63] [64] [65] and cavity EIT system [48, [66] [67] [68] , or several methods including the double EIT effect [69] and weak measurements [51] . Recently, under EIT conditions, a large cross-Kerr nonlinearity has been shown to be achievable by exploiting negative index metamaterials [70] . In particular, atomic systems working under EIT conditions [62] become promising candidates for applying cross-Kerr nonlinearity. Under this condition, the phase noise model [41] may not be considered. Moreover, only weak cross-Kerr nonlinear interaction is required, and the potential photon loss is negligible in an EIT medium where the loss of the signal photons and the coherent beam is intrinsically lowered [48, 71] . The other method is to prolong the interaction time or length [52, [72] [73] [74] [75] . Interaction between two stopped light pulses has been studied and demonstrated by Chen et al. [76] . With double slow light pulses, Lin et al. [77] demonstrated an all-optical switching. Applying a general theory of interaction between continuous-mode photonic pulses, He et al. [78] studied the interaction between a single photon and a coherent state. They showed that the simultaneous requirements of high fidelities, nonzero conditional phases, and high photon numbers can be achieved under conditions where the photonic pulses fully pass through each other and the unwanted transverse-mode effects are suppressed.
Moreover, the performance of the detectors is being improved step by step. Recently, Pernice et al. [79] demonstrated a high-speed traveling wave single-photon detector possessing a high probability approaching 91%, which is embedded in nanophotonic circuits.
The synchronization between the coherent states and the local oscillators applied in logical gates is necessary for the present schemes. Exploiting temperature-insensitive time-delay elements and balanced photodetection to suppress thermal drift and amplitude noise, Kim et al. [80, 81] proposed an optical-optical synchronization scheme associated with single-crystal balanced optical cross-correlation.
To sum up, we have proposed schemes for preparing, linking, and unlinking cluster-type polarization-entangled states assisted by weak cross-Kerr nonlinear interaction, which can be considered to be possible in other physics systems. The modules of the distributed entanglement gate, the simplified entanglement gate, and the controlled phase-flip gate are integrated to accomplish the tasks for preparing, linking, and unlinking cluster-type states, together with Hadamard gate operations and single-photon operations. The presented schemes require resources such as single-photon polarization states, currently feasible techniques including classical feed-forward, and some available optical elements including beam splitters, polarization beam splitters, reflection mirrors, half-wave plates functioning as Hadamard gate operations, and phase shifters to delay the phases on demand, etc.
